new mixed finite element method for the Dirichlet problem of fourth order elliptic equations with variable coefficients on convex polygonal domain has been developed in this paper, the biharmonic problem and bending problems of elastic plates being particular cases of the general problem considered in the paper. For bending problems, this method gives a simultaneous approximation to the displacement u and the 'actual' bending and twisting moments (I++,,) (ij = 1, 2). Error estimate for the mixed finite element solution has been given.
INTRODUCTION
In Refs. [3, 41, the authors proposed two different mixed finite element algorithms for the Dirichlet problem of the fourth order elliptic equations with variable coefficients on a convex polygon in R2, the error estimates and other details for which can be found in Refs.
[5, 61 respectively. For the particular case of the bending problem of an elastic -isotropic, orthotropic or anisotropic-plate with variable or constant thickness, both the mixed methods in [3, 41 allow a simultaneous approximation to all informations-displacement U, components (u,J (i,j = 1, 2) of the tensor of the change in curvature, and the "actual" bending and twisting moments ($,) (ij = 1, 2) of the bent plate so that no further computation is necessary. But in many practical situations, engineers are interested to know only the displacement u and the "actual" bending and twisting moments (I++,) (ij = 1, 2) the components (uJ (ij = 1,2) of the tensor of the change in curvature being redundant informations.
In such practical situations, a mixed finite element method giving a simultaneous approximation only to u and ($,) (ij = 1, 2) will be quite efficient for application and much more economical than those in Refs. [3, 41. Keeping this objective in view, a new mixed finite element method for the same Dirichlet problem of fourth order elliptic equations with variables coefficients has been developed in this paper. The algorithm of the mixed method of [10] [11] [12] 171 for the biharmonic equation can be obtained as a particular case from the algorithm developed in this paper with a proper choice of the coefficients. Error estimate for the mixed finite element solution has been given under the assumption that the solution of the continuous variational problem has sufficient regularity. For biharmonic problems, relevant references can be found in Refs. [2-4, 8, 10, 18, 191, the [18] being the most up-to-date one giving all interesting results on mixed methods.
NOTATIONS
Let 52 be a convex polygon with boundary r in Iw2 and H"(O) where I~~:H~(Q)-*H~-~-"*(~) are trace operators [I, 161, m = 1,2; k = 0, m -1; H"?(T), H312(r) being the fractional order Sobolev spaces of functions on r; &I/&I is the derivative of u in the direction of the exterior normal to the boundary r; D(Q) 3 H,,"(Q) in the norm topology of H"(Q)), m 2 0, D(Q) being the space of test functions on s2. , , (in (3.2) and also in the sequel, the Einstein's summation convention has been followed), we associate the following Galerkin variational problem (PC) defined by: Find u~&,~(sZ) such that
THE CONTINUOUS VARIATIONAL PROBLEM
where the continuous, symmetric, bilinear form a(. , .) and the continuous linear form I(.) are defined by: Remark 3.1. Sufficient conditions for (A2) to hold can be found in [7] , where it has also been shown that (A2) =z. (A2'). 
defined by (4.6) is symmetric, positive-definite, and its inverse
where Z&'(R3) is the identity matrix; for 1 5 i <j I 2, 1 I k I I i 2, A,, = A,+ is also symmetric, positive-definite.
(4.9)
Proof. The symmetric [A*(x) ] will be positive-definite iff
which follow from the Proposition (4.1), since [A -'(x) 1 is positive-definite, and det ([A *(x) 
Define new functions Az12,, A,,. A,,, (1 < i <j I 2) with the help of functions Aiilz in (by virtue of (4.9)), VF= (L, c2*, tl, &Iw3, Vt = (t, , , L 5, 2, 521) 
Proof. Vx&, [A -'(x)][A(x)]=I*VXEG, A&X)Ui&X
Then, using (4.20), we have VXEW, Now, we construct the problem (Q) of the mixed method under consideration as follows:
where A (. , .) and b (. , .) are defined by (4.14) and (4.15) respectively. Since A(. , .) is not a priori V-elliptic, the problem (Q) is not well-posed in general, i.e. the existence of solution of (Q) can not be proved in general. But we have is positive-definite and the corresponding matrix [A -,(x)1 is given by: 
Then, the solution (Y, l&V x W of (Q) is such that II = u is the deflection of the bent plate, 'Y = ($ij) with J/ii = ~~~~~,k~ V ij = 1,2 are the "actual" bending and twisting moments in the plate, i.e. $,, = D, (u,,, + v2qz2), ,+& = D,(v,u,,, + u,~~) are the bending moments in the x,-and x,-directions, the twisting moment being $,2 = $2, = ~D(u,,~. Remark 4.3. In the isotropic case, the [10] [11] [12] 171 gives the deflection 1 = u and the components (u,,.> of the tensor of the change in curvature. To find the "actual" bending and twisting moments ($,), further computation is necessary using the formulae given in the Example (4.3).
Remark 4.4. The anisotropic case [7, 13, 151 can be dealt with exactly in the same way as in the Example (4.2) for the orthotropic case. 
